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Analysis for a Class of Winner-Take-All Model

John P. F. Sum, Chi-Sing Leung, Peter K. S. Tatamber, IEEEGilbert H. Young, W. K. Kan, and Lai-wan Chan

Abstract—Recently we have proposed a simple circuit of
winner-take-all (WTA) neural network. Assuming no external h(v)
input, we have derived an analytic equation for its network 1
response time. In this paper, we further analyze the network
response time for a class of winner-take-all circuits involving self-
decay and show that the network response time of such a class
of WTA is the same as that of the simple WTA model.

Index Terms—nputless winner-take-all neural network, net-
work response time, self-decay. 0 l

Fig. 1. The input—output characteristic bf
I. INTRODUCTION

T HE winner-take-all (WTA) network has been playing 3egponse time is important for investigating. Yet, only a few
very important role in the design of most of the desigp pjications have appeared to provide in-depth analysis on
of the unsupervised learning neural networks [2], such g% network response time. In this paper, we apply the same
competitive learning and Hamming networks. To realizeé @cpnique to analyze the network reponse time of a class of
WTA model, various methods have recently been proposegira network which involves self-decay. We will show that

Lippman proposed a discrete-time algorithm called Maxngfe nhetwork response time of the decay type WTA is indeed
in order to realize the Hamming network [3]. Majaet al. 0 same as the nondecay type WTA.

[4] and Dempsey and McVey [5] proposed models basedrpg rest of this paper is organized as follows. The next

on the Hopfield network topology [6]. Lazzaret al [7] gection will introduce the simple and the general self-decay
designed and fabricated a series of compact CMOS integrajede \wTA model. Certain properties governing the derivation

circuits for realizing the WTA fl_mction. Recently, Seiler andys e analytic equation for the network response time will
Nossek [8] have proposed an inputless WTA cellular neurgly giated in Section Il Section IV reviews the network re-

network-based on Chua’s CNN [9]. In order to improve 0@,,nge time of the nondecay model. In Section V, the network
the robustness of this CNN type WTA, Andrew [10] extendediqnonse time for the self-decay type WTA model will be
Seiler-Nossek model by introducing a clipped total feedbackaiyed. Comparing with the network reponse times of both

Except maxnet, the dynamical equations for most of th&qqels it will be found that the network response time for
above models are governed by many parameters. Therefgge, simple nondecay WTA is actually identical to the one for
the design and analysis of such networks are complicatgfls seit-decay type. In order to confirm that the analytical
To alleviate such design difficulty, we have recently proposeg, ation can closely approximate the actual network response
in [1] a simple analog circuit for WTA with its dynamical e intensive computer simulations have been carried out
equation being governed by just one parameter. It not jugt the self-decay type model. The result will be reported
simplifies the task for designing the network, but also makg$ section vi. Using the results obtained in Sections V and
the analysis on the network response time become feasibIeVI|r,1 three simple methods for designing the WTA model will
[1], an analytic equation for the response time of such a WTj, presented in Section VII. Finally, a conclusion will be
circuit has been derived and confirmed by intensive Compuﬁresented in Section VIIL.
simulation.

As we have mentioned that WTA is an important component
in many unsupervised learning models, the information on its II. NETWORK MODEL
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Proof: From (2)

I W W G hi
\ b @ os(8) — vi0)] = hy(y) — i)
e L 4 4 ~ . dt[vj( ) —vi(®)] = hy(v; ti\Vi ).
’ Y
As v; and v; can be located in one of the three regions:
oo o @ G h3 (Vamin; 0], (0, 1), and [1, vax), there are six cases to be con-
sidered
—o—¢ o f\u] b =0, if 1<v;<v
>0, ifO0<y <1<y,
d >0, ifO0<y<vy;<1
a0 ®) —u®)] >0, ifv;<0<vu;<1 ()
=0, if v;<v;<0
Fig. 2. The network architecture of the proposed WTA neural network. The =0, if v, <0,1<w.
hpllow circles corresp_on(_j to excitatory_ connections while the solid black
circles correspond to inhibitory connections. That is to say(d/dt)[v;(t) —v;(t)] is nonnegative. Therefore,
it is obvious thatwv;(¢t) — v;(t) > v;(0) — v;(0) for all
A. Simple WTA Model t>0if v;(0) — v;(0) > 0 and (dv;/dt) < (dv;/dt). Equality

holds whenv; > v; > 1,v; <v; <0 or v; <0,v; > 1. In other
In our proposed model [1], the output of each neuron |s .
. ) words, it corresponds to the case tthath; € {0,1}. The
connected to all the other neurons and itself, in the same wa . -
o ; . . proof of Lemma 1(c) can be accomplished by substituting
as Maxnet The connection is excitatory if the output is self- . ; .
o Co hi(v;) < hr, (vgy) into (2) and noting that > 0.5. O

fedback. It is inhibitory when the connection is interneuron. Theorem 1 If

The network dynamics can be described as follows:

vy (t) al U, (0) <0y (0) < -+ - < (0)
S = () — € h(vg(t 2
g = hw(®) k}_j_l (or(#)) @ o
foralli=1,---,N and$ <e<1. Fig. 2 shows the structure Uy (B) <0y (B) < 0+ <0y (B)

of this simple model. The condition anis used to assure that
(dv; /dt) <0 if the ith neuron is not the winning neuron for alifor all ¢>0. o o
time and(dv,, /dt) >0 when the output of the nonwinning ~ Proof: The proof is directly implied from Lemma 1(&].

neurons have reached zero. Theorem 1 and Lemma 1 imply that the time fof,
reaching zero is finite.
B. General Model Theorem 2:If Uy (0) <vmy (0) < -+ <y (0),

. . then there exists 71 <oo, such that 0 =
For some models such as the one described bySeller—NosgeliTl)«} (T < --- <1U (T1)

[8], a decay term-w;(t) is usually involved in the dynamical Proof: Since du;/dt is strictly negative for alli #

equation 7N, vx, (t) is a strictly monotonically decreasing function with
duy(t) N regard to timet. So, there existd} < co such that,, (71) =

o = —Pui) +h(ui()) - e h(u(t)  (3) 0. The proof is completed with the results from Theoreff 1.
k=1 Instead of considering the dynamics of the statgt),

where 0< 3. In this case, even for the winner, the stag#€ can consider the output dynamics. It aids to the later
potential will also decay to zero @s— oo and 3 is too large. discussions on the network response time. Since
This general WTA model has been proposed for a long time. dh;  dh; dv,

However, the bound on its response time has not been studied. = ©)
dt dv; dt
IIl. PROPERTIES whenever0 <wv; <1, we can expressih;/dt in terms of
To simplify the discussion, it is assumed that the initial 1 ha, s by L€
state potentials can be arranged in a strictly ascending or- 0, if h;(t)=1
der, i.e.,vz, (0) < v, (0) < - -+ <wr,(0), for a suitable index dh;(t) i )
set {my,---,mx}. Now, let us present some properties of p7a hi(t) = € _ha(t), i O<hi(t)<1 (6)
the simple WTA model (2) which are useful for the later k=1 o
. ; 0, if h;(t) =0.
discussion.
Lemmal:Vi,j=1,---,N,if v(0) <v;(0), then Using (6) and Lemma 1, the following Lemma and Theorem
1) vi(t) <w;(t); are deduced. _
2) (dv;/dt) < (dvj/dt), and equality holds when both Lemma 2:Forallé,j =1,.--, N, if v;(0) <v;(0), then
hi(vi), hi(v;) € {0,1}; and 1) h;(t) < h,(t), equality holds wherk;, h; € {0,1}; and

3) (dvi/dt)<0 if 4 75 TN 2) (dhz(t)/dt) <O0if ¢ 75 TN
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Proof: As »;(0) <v;(0) — w;(t) <wv;(t),%(0) <wv;(0) casehr, needs time to rise to one. Since the output dynamics
implies thath;(¢) — h;(t) > 0. Equality holds whenl < of h., is governed by
Ui(t) < Uj(t) or Ui(t) <Uj(t) <0, ie., hi(t),hj(t) < {0,1}.
Proof of Lemma 2(a) is completed. Proof of Lemma 2(b) d
is similar to the proof of Lemma 1. Sincédh;/dt) = dt
(dh; /dv;)(dv; /dt), (dh;(t)/dt) < 0. The equality holds when
(dh;(t)/dt) =0, i.e., h;(t), h,;(t) € {0,1}. Then the proof of for all ¢ > Tn_;. So

hon (= Tn-1) = (1= hry(t—Tn-1)  (7)

Lemma 2(b) is completed. O

Theorem 3:If vz, (0) < v, (0) < -+ < g, (0), then there P (t = Tr_1) = hopy (Ty—1)eE 0= Tx—1)
exists 71 < oo, such thatot = h. (T1) <hq, (T1) < ---
<hy (11). forall t > Ty_1. Whenh,,(t —Tn_1) =1

Proof: The proof is directly implied from Theorem 2.
Noted that Theorem 1 and Lemma 1 hold true otge0.
Although Theorem 3 holds true only whén< ¢ < 77 < oo, T =Tn_1—
it can be generalized to any, # w1 or my. It is especially
important in the discussion of the response time of the netwo
So far, we have not analyzed whether the neuron will

T, log (hry (Tn—1)) < 0.

[hie inequality holds true sinde< hx(Tn—1) < 1. Therefore,

. . Tn < oco. Hence the proof is completed. O

reach one earlier than the, neuron reaching zero. At the AThe(;)rem 5 showsl,a clearly thatpour proposed network can

end of the next section, we will show that it is not assureg. ) X . .

For instance, whemV = 3,4, = 0.1392.v, = 0.4503. and unction as a WTA neural network and its response time is
' X . ’ ' ’ finite. The only restriction is that;(0) # v;(0) if ¢ # j.

vz = 0.9894, in which the 2nd neuron will be the last oneI is worthv noting that thi ndition i far more relaxed
settling down. We have tried 100 tests; the initial states werIeS orthy noting that this co on IS a 1ar more refaxe

initialized randomly. It is found that there are only seveﬁge than that of the des_ign conditions d\_erived in the Seiler-
exceptions including the one mentioned. For the rest of t pssek model [8]. Besides, our analysis does not depend

93 casesy; andws will reach zero first and thenis reaches on 'trrr:ZInduens]'b?]roc;fon?wp: ;r;tthgrl:]zt;vog(li ;:sotnhseeglrJ]ZIntleé tor}e
one last. For all of the exceptional cases, the response tim h%ln - rklgr nu tim :Vb m (\jN relativel imy II
less than three time units. In order to simplify discussion, g€ NEwork response time can be made relatively simple.
assume the following It should be noted that Theorems 1-4 hold true for the
Assumption 1:The Winner neuronr~ is the last one set- general model as well. However, Theorem 5 holds true only
' N wheng+e¢< 1. In casef+¢> 1, h,, will decay to zero. This

ling. . .
tm‘lgheorem AN 0<um (0)<vm (0)< -+ <vr,(0)<1 property for the general model can be stated in the following
i ”‘ 2 ™ ' . Theorem.

then there existH< 7 <To < -+ <Tnv_ such that
D Theorem 6:If v, (0) < v,(0) < -+ < g (0), then there

for exists Ty < oo such thatvt > Ty
he () =0 VE>T,.
h,(t)=0
Proof: According to Lemma 1(3)(dv;/dt) <0, there

exist Ty, - -, Tiy—1 such that wherei = 1,2,---, N — 1 and h,,, will satisfy one of the

TN

O (T3) <y (T2) = 0< -+ <y (1) < gy (T3) following conditions: 1) If 3 + ¢ > 1,lim;_. o ir,, (t) = 0; 2)
... If 8+¢ = 1,lim,_,, Will converge to a constant value between
Or, (Tn_1) < - <Vry (Tno1) = 0< vny (Tv_1). zero and one; and 3) B+ e < 1,limy oo hny () = 1.
Proof: Follow Theorem 4, attim&n_1,h~ (ITn_1) =0
Based on the definition o, (v, ), the above implies that for all 4 = 1,---, N — 1, and
there existsTy <T> < --- <Tn_1 <oo such thath. (¢) =
0 Vvt Z E U dUN(t)
In the sequel, we can deduce that the response time of the P —pon(t) + (1 — e)h(un(1). (8)

network is finite.

Theorem 5:1f 0 <vx, (0) <vm, (0) < -+ <wry (0) <1, AS O< By, (£) <1, hry (t) = vy (t) and
then there existd'n < oo such thatv ¢ > T'x

PR dh, (1)
a1 ifi=ay TNY = —Bh (8) + (1 — ) (2).
hat) = {0, it i # 7 dt | |
where¢ = 1,2,---,N. Obviously, whens + ¢ > 1, (dh, (t)/dt) < 0. Hence the out-
Proof: According to Theorem 4h,, = h,, = --- = put of the winner node will decrease to zero. Similarly,

hzy_, = 0, whent > Tx_;. From Lemma 2(a), we deducewhen 5 + ¢ > 1, (dh, (t)/dt) >0, the output of the winner
that/,, > hr,_, = 0. This brings out the following two casesnode will rise to one. wher3 + ¢ = 1,(dh,(t)/dt) =
to be considered: 1), (Ty—1) =1 and 2)h,,(Ty_1)<1. 0,hzy(t) = hxy(Ty_1) for all time ¢ > Tx_1. Then the
In the former case?’n < oo sincely < Tn_1. In the latter proof is completed. O
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IV. NETWORK RESPONSETIME OF THE SIMPLE WTA MoDEL foralli =1,2,---, N. Obviously, the output of the; neuron
We can proceed to see what will happen immediately aft$!l be the first one reaching zero sindg; </, if i <j.

T,. Oncet > T, and from Theorems 2—4 Hence,T; can be evaluated by settirig;, (¢) = 0
dhy, (t) [ N i
h’Trl (t) = 0’ dt = 0 vak (0)
and 1 M vz, (0))
Fomy (£) l—e —¢ - —¢ 7 [hn() Ty = — - log N_ (12)
has(®) | _ | —¢ 1—¢ -+ —c hay (1) . ) Zvﬂ» (0)
P (£) —€ —e o 1—el Lh(®) i % |

Obviously, the output dynamic is now governed by(ah—1)- SubstitutingZ} into (11), we can readily show that
dimensional first-order differential equation. Let us denote

. , rN 4 (=1/N¢)
h’N(t) = (h’ﬂ'l (t)v hﬂ'z (t)v T hﬂ'N (t)) Zvﬂ_k (())
for all 0<t< Ty and k=1 — v (0))
}AI’N—l(t) = (h’ﬂ'z (t)’ T hﬂ'N (t))/ hﬂ'z‘ (Tl) = NN (Uﬂ'i (0) = Umy (0))
whent is just greater thaff’;, where’ denotes transpose. Note Zvﬂ, (0)
that = is the index of the neuron for which the initial state k=1
potential is the largest. Wheh< ¢t <77, we get that L N .
d - » forall i = 2,3,---, N.
%h’\’(t) = Anhn(t) (9) Based on the assumption and (11), we can readily deduce
and whent is just greater thafl;, we can deduce that that
L) = Axahra () (10) 0<wry(t) <1 (13)
where and
l—¢ —€ - —¢ U, (1) — v, () =D, (£) — D, (2) (14)
A= | 7€ tme e =" (he (11) = hay (T1)) - (15)
—c — o T—ely forall i,j = 2,3,---,N andv.,(¢) > 0. Similarly, we can

_evaluate the differencéh,, (11) — hy,(11)) using the same
for k = N — 1, N. Just aftert = 77, the network dynamical jjea and obtain that

equation is changed from (9)—(10). It indicates that system (2) .
is a reduced-dimension system. Herite can be evaluated Un, (1) — vz, () = " (v, (0) — vr; (0)) (16)
using the following Lemma. as long as,., andw,, are greater than zero.

Lemma 3: The eigenvalues ofly are(1 — Ne) and one.  Now, consider the time just afterZ?, it is readily deduced
The corresponding eigensubspace(bf— Ne) and one are that

My and My, respectively, where

N
11 1 \7 > vm (0)
My =g an =\ N YN UN oy (£) = 7N TD | =t
and
My ={ve RV [v" ¢,y = 0}. N
Proof: See Appendix. O )
Forallt € {s > 0[0<hg(s)<1,i=1,2---,N} T+t U’”(O)_kzjifil (%))
N N
va (0)
—_Ne k=1
ha, () = 7N N Setting /.., (t) = 0, we can deduc&> as follows:
- N -
Zvﬂ'k (Tl)
N k=2
3 0r, (0) 1 “No1 =)
k T2 — Tl = — N 10g N
+ ¢ |vg, (0) — k=t (11) (V= 1)e
N Zvﬂk (Tl)
k=2
L N -1 _
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Sinceh,, (T1) = v, (T1) = 0, the above equation becomes V. NETWORK RESPONSETIME OF THE GENERAL WTA M ODEL
Consider the case wheh> 0, we can obtain similar equa-

N .
tions as (9) and (10)
. > (o (11) = vmy (11)) 4
k=2 7 7
-T =— . —hy(t) = Brhi(t 22
B-h=——p 5 | - Lhnlt) = Buhe(1) 22)
Z(Uﬂ'k (Tl) - Uy (Tl)) where
k=2
l—e—-¢ —€ o —€
Therefore, using the result obtained in (16), we obtain that B = —€ l—e=p - —c
N —€ —e e l—e— 1,4
1 > (s, (0) = vr, (0)) — Ay — Bl (23)
| k=2
-1 =~ (N —1)e log N y fork=1,2,.--,N — 1, N. Using the results obtained in (9)
Z(Uﬂ(o) — v, (0)) for An, the eigenvalues aBy can be stated as follows:
k=2
(18) Al =1-Ne-p (24)
Ao=1-3. (25)
Using the same technique, we can obt#into Tiv—; recur- Thys similar to that of (11), we can have an equation for
sively hx,(t) as follows:
N N
1 Z(Uﬂ'k (0) — Uns (0)) Zvﬂ'k (0)
— T, =— . | k=3 ho () =e(—Ne=@)t | k=l
T3 TQ— (N—2)(: 10g N 7( ) = N
D (vr (0) — v, (0))
k=3
(19) al
va (0)
and + e o (0) = = —— (26)
N
N
Z (Uﬂ'k (0) - UWN—I(O))
Tyt — Toys = —ilog k=N-1 for all i = 1,2,---,N. Therefore, the settling time far; is
T T 2¢ N " given as follows:
Z (Uﬂ'k (0) — VUrn_s (0)) - N .
k=N-—1
(20) Zvﬂ'k (0)
k=1
T et
Denote the network response tirig; and define it adn_;. L= " Ne log N (27)
ThenT;, can be written explicitly as follows: Zvﬂ,(o)
k=1
N L N _
N-1 Z '(U’T’v (0) = vrn; (0)) Following the same steps as above, the network response time
Te= Y —log k=2,+1_’ can be obtained and represented as follows:
— j¢ ‘
j=2 " r
! Z (Uﬂ'k (0) ~ VUnngij (0)) N
k=N+1—j N1 Z (U, (0) — vy, (0))
7 1 k=N41—j
3 0n, (0) Tro= 2, 5008 | =5 —
Tk i=2 4
1 ‘ k=1 ! Z (UWA» (0) - vaN«f»l—j (0))
+ Ne log |+ (21) k=N+1—j
> (0, (0) = vx, (0)) N
k=1 Zvﬂ'k (0)
1. k=1
It is interesting to note that the network response time is + Fcbg N (28)
dependent solely oanand the initial conditions of the neurons Z(vﬂ. (0) — vz, (0))

only. k=1
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Fig. 3. The average response time of the network for different values of epsilon. The horizontal axis corresponds to the value of epsilon while the
vertical axis corresponds to the response time.

Comparing (21) and (28), the network response time for okig. 3, we can design a network with appropriate component
general WTA model is the same as that of the simple WT#alues.
model

Trtg = Tre. (29) VIl. DESIGN EXAMPLES

As mentioned in the introductory section and the discussion
VI. SIMULATION VERIFICATION on Section lll, the inclusion of the self-decay can provide a

. . . flexibility in the design of a WTA. For example, if we want
onEtC\I/:/Jstlf(;I;t(ozrg I?:;Car:'et'saTh?(g:]r(]je't'r;?]zv(())rfktf;pr?gslfe()gges;z[(eSe output of the winner node to decay to zero, we can set
; ' it - u €+ > 1. Here we give three examples showing how to design
potentials and the parameter But, one may query about

) -the values ok and 3 based on the results obtained above.
the consistency of (21) and the actual network response ti

M - -
; . . . Example 1: Suppose we want to havém; ... hrx, (t) =
because an assumption has been made prior to the derlvaHognd trl?e netwcf)ri response time is abrcl)tut OFwLoWNti(m)e units.
of the equation.

. Referrin Fig. 3, w n .5. Then, w
In order to demonstrate that the deduced response time hong to Fig. 3, we can satto be 0.5 en, we set

. . ' ) . = 0.6 to make sure that the output of the winner node
indeed reflect the actual response time, extensive simulati 0 decay to zero
were carried out for different values ef Four different values Example 2: Supbose we want to havém hr. (£)
H . . t—oo vy

of ¢« were .exam'”?d- 0.6, 0.7, 0.8, and 0.9. For egch Va.lueé)cgual to a constant value in between zero and one. The
¢ and particular sizé N) of the WTA, 25 sets of simulation network response time is about two time units. Again, we
were carried out. The siz& varied from 4, 8-100. In each set . N !

) . ; P . .. sete to be 0.75. As 3 = 1 is the condition for that
of simulation, 100 runs of the experiment with different initial. © ¢t/

: . - limy o0 by (t) equal to a constant, we sgt= 0.25.
statefs (randomly c_hosen with a uniform probability density Example 3: Suppose we want to havan,_... ., (£) = 1
function) were carried out. )

. . and the network response time is about two time unit. We set
. It is found that when the size of the WTA neural networko be 0.75. To ensure that the output of the winner node reach
is small, both the evaluated and experimental values of t

fie, we can sef = 0.15.
settling time are short. As the size of the WTA neural networ% ' d °

increases fromV = 20 to N = 100, both the evaluated and

experimental values of the settling time manifest trends of
steady increase. However, the rate of increase is very small. lfn summary, we have reviewed and analyzed the properties
we take the average values of the response time for the sipés simple WTA model which has been proposed recently.
from N = 20 to N = 100 and compare the decreasing trenth particular, as analytic equation for its response time (the
with respect to the value of, an interesting observation istime when’..,,_, = 0) is presented—(21). Using the same

noted: as shown in Fig. 3, both trends of decreasing suggtsthnique, we have derived an analytic equation (28) for
an exponential decay. Therefore, using the results showntlie response time of a general class of WTA which has

VIIl. CONCLUSION
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